The robust stabilization of the cart pendulum system was studied under structured uncertainty with a continuous-time periodic controller. The cart pendulum system was considered here as the test set-up as it is a wellknown example of an unstable nonminimum phase system. The uncertainty in the system rose due to measurement error or dry friction in it. In this paper, the robust stability of the periodic controller in the presence of uncertainty was examined. The gain margin and delay margin endow with the periodic controller were superior to those obtained in the case of linear time invariant (LTI) control even in the presence of such uncertainties.
Introduction
The consequences of uncertainties present in a physical system are a significant problem in the field of control engineering. The uncertainty is caused by a measurement error, noise in the signal, plant parameter variation, etc., and can degrade the performance of a system. One approach to deal with the influence of such uncertainty is to include these effects in the form of structured uncertainty in a system. It is possible to design a robust control system by using this uncertain system. This manuscript deals with the problem of robust stabilization of a physical system under uncertainty arising due to error in measurement and dry friction. The cart inverted pendulum system was taken as the test set-up for this work.
The cart inverted pendulum system is a benchmark to validate all control theories since it is an underactuated nonlinear system. The inverted pendulum stabilization problem is similar to the stability problem for launching vehicles for space applications and many others. It is an unstable nonminimum phase system with the right half plane (RHP) pole and zero in close vicinity to each other. To ensure robust stability for nonminimum phase systems having both RHP poles and zeros is a challenging problem in the control system. It sometimes becomes unachievable when the RHP poles and zeros are in close vicinity to each other. Linear time-invariant (LTI) controllers cannot provide robustness for such systems [1, 2] . This is due to the fact that the plant RHP zeros remain present in the loop transfer function, which results in poor robustness margins. The additional poles and zeros appearing in the loop transfer function due to pole placement may render the closed-loop system undesirable from a robustness point of view.
The control models are not perfect for all systems. Thus, with the addition of model uncertainty paired with sensor noise and other unknown exogenous disturbances, the system previously thought to be stabilized can easily become unstable. Different methods [3] [4] [5] [6] [7] have been proposed to handle such uncertainty in the cart pendulum system [8] . This has attempted to address the variability in system representation through the design of a controller using neural networks. Although the approach is successful, no consideration has been given to the possibility of outside disturbances. Parametric uncertainties are dealt with by a combination of classic control theory and grey theory [9] . In particular, the authors use a grey prediction model combined with a proportional plus derivative controller to balance the inverted pendulum. Yet, the information received from the sensors is assumed to be flawless. However, these control schemes are not capable to loop zero-placement, which results in a poor robustness margin.
On the other hand, some attempts have been made with time varying controllers to ensure robustness for nonminimum systems. Among them, the periodic controllers presented in [10] [11] [12] have been shown not only to stabilize such systems, but to place the RHP zeros in the left half plane (LHP) leading to "loop zero placements". These capabilities of the periodic controller, in turn, result in ensuring robustness of the compensated system, leading to infinite gain margin (GM). This controller is shown to be able to provide superior gain margin to the cart pendulum system in [13] . Further, in [14] it was established that in real time the periodic controller can reject disturbance, provide robustness even under plant parameter variations, and attenuate the measurement noise. The control schemes presented in [13, 14] have shown the superior robustness achievability of a periodic controller for a nonminimum phase system with respect to variations in system multiplicative gain and some other robustness aspects. It has also been established in [15] that the periodic controller achieves superior robustness in comparison with the sliding mode control technique. This paper employs the continuous-time high frequency periodic controller for robust stabilization of the cart inverted pendulum system under a structured uncertainty caused by measurement error and dry friction. Moreover, the superiority of the periodic controller in the phase margin even under uncertainty is verified. The present work has considered ∥S∥ ∞ = sup [|S (jω)|], as a measure of closed-loop robustness, where S(jω) is the sensitivity transfer function, S (jω) = 1/(1 + P (jω)), and ∥S∥ −1 ∞ is the minimum distance of the Nyquist plot of the loop transfer function P (jω) from the (-1,0) point. For satisfactory compensation under structured uncertainty, ∥S∥ ∞ is required to be ≤ 2 [2] . This paper presents the following: (i) modelling of the cart pendulum system with structured uncertainty due measurement error and dry friction whereas [14] only concerned the model of the system without uncertainty, (ii) a periodic controller tested for phase margin compensation, which was not done before, (iii) delay margin achievable by the periodic controller is clearly defined, (iv) gain and phase margin compensated by the periodic controller is found superior to LTI control by virtue of its loop-zero placement capability, (v) efficacy of the periodic control to handle the structured uncertainty caused by measurement error is established, (vi) gain and phase/delay margins attainable by the periodic controller are shown to be superior to those by any LTI controller for nonminimum phase plants even under such uncertainty, (vii) capability of the periodic control to robust stabilization of the nonminimum phase system under the uncertainty caused by dry friction is also verified.
Periodic compensation of the uncertain system
Consider an uncertain system as G (ξ, ζ) = B ζ (s)/A ξ (s) of order n and relative order r with its state space representation asẋ
where the state, output, and input vectors are x (t) ∈ R n , y (t) ∈ R m , and u (t) ∈ R l . The uncertain state matrix A (ξ) ∈ R n×n , the input matrix B(ζ) ∈ R n×l , and the output matrix C (ψ) ∈ R m×n are defined as
and C D represent a nominal system structure that could be included in the linear system model. A i , B j , and C k represent an uncertain system structure with p, q , and r being the numbers of corresponding uncertainties and ξ i , ζ j , and ψ k are indeterminate scalar parameters that represent the scale of uncertainties and include a bounded closed set. These are used to normalize the structures of uncertainties. The system Eq. (1) is considered as both controllable and observable. The periodic control shown in Figure 1 [12] is considered for stabilization of such systems under structured uncertainty. The periodic controller [12] is presented in state-space form as follows: 
where y is the output of the plant, including disturbance d, u is the output of the controller, v is the reference input, η is the noise, z denotes the controller states,
The closed-loop characteristic equation for the plant G (ξ, ζ) and the controller, Eq. (2), (the same, in general, illustrated in the Appendix) is
with loop zero polynomial
Now if all the roots of∆ (s) = 0 have negative real parts then the system is asymptotically stable. It is also clear from Eq. (4) The periodic controller is now being employed for the cart inverted pendulum system under uncertainty. The cart inverted pendulum is chosen since it is a common example of a nonminimum phase system with RHP pole and zero in close vicinity to each other.
Cart-inverted pendulum system with uncertainty due to measurement error
A cart inverted pendulum system ( Figure 2 , [16] ) consists of a cart moving along a 1-m rail and an aluminum rod, which is free to rotate about a pivot hinged to the cart. The translation of the cart is caused by applying voltage ( ± 2.5 V ) to the DC motor. The state of the above system is described by the cart's position (x) and velocity (ẋ), and the pendulum's angle (θ) and angular velocity (θ). According to Newton's 2nd law, at the center of gravity (COG) of the pendulum along the horizontal and vertical components, the nonlinear nominal equations can be found as Figure 2 . The cart-pendulum system [17] .
where F M is the horizontal control force. The different symbols appearing in the equations are listed in the Table, along with their numerical values, which are taken from Feedback Instruments Limited, UK, for the inverted pendulum system [15, 16] . The system state variables are obtained from the measured values of sensors in the instrument or the observation equipment. Unfortunately, these measurement values contain deviations caused by the low resolution limit of the sensor and the noise of the sensor, which are not considered in [14, 15] . Therefore, the system equations need to include the effects of the sensor noises in the system dynamics. The effect of this uncertainty caused by measurement error is formulated as the structured uncertainty corresponding to the system matrices. The derivation method used here for the structured uncertainty is caused by the higher order terms of the Taylor series expansion as discussed in detail in [17] .
The uncertainty (∆θ) in the angle of the pendulum occurred due to measurement error as θ = θ 0 + ∆θ , where θ 0 denotes the nominal angle of the pendulum. If ∆θ is a very small value, then sin (∆θ) → 0 and estimating maximum variation of cos (∆θ) by a constant value δ , i.e. cos (∆θ) = δ , one can find Taking the first order of Taylor expansion around θ 0 = 0 for linearization, one can approximate as sin θ ≈ δθ 0 and cos θ ≈ δ . With the above approximation, Eq. (6) and Eq. (7) can be modified with negligible friction as
Now choosing state variables X = [ xẋ θ 0θ0 ] T , the state-space form of the system described by Eq. (8) and Eq. (9) can found to be in the form of Eq. (1) aṡ 
LTI controller for stabilization of the system
The control objective is to keep the inverted pendulum at its vertically upright equilibrium position on a moving cart while controlling the cart position in the presence of uncertainties. The system described in Eq. (11) is now modified as in Figure 3 [14] , where F M cause θ 0 andθ 0 , in turn causing x, and the transfer functions are as 
A linear state variable feedback (LSVF) controller is designed for the system by pole placement method and the control scheme is shown in Figure 3 . Nominally, the multiplicative gain G and delay τ are taken as 1 and 0, respectively, and the closed loop poles are placed at−1. and corresponding ∥S∥ ∞ ≈ 4. Figure 4 shows the system response of the nonlinear cart pendulum system with the designed LSVF control under MATLAB-SIMULINK environment. 
Periodic compensation of the system
The main objective of the present work is to employ the periodic controller in the outer loop ( Figure 5 , [14] ) in order to place the RHP zero to LHP and to achieve satisfactory robustness under structured uncertainty. 
Periodic controller design
Let the plant 
0.5)(s + 1 ± j).
The desired input-output transfer function is chosen as above, so that the unit step response resembles that of poles at -0.5, −1 ± j for an acceptable performance, and zero tracking error is achieved.
However, the RHP plant zero remains unaltered at 3.6853. ∆(s) is the 4th order desired polynomial, the roots of which are chosen as ∆ (s) = (s + 45.17) (s + 1 ± j) (s + 0.5) .
Nominally, multiplicative gain G and delay are assumed to be 1 and 0, respectively. The plant order is n = 4 and the plant relative order r = 2. The minimum controller order ( m) requirement of the system is m = 4 [12] .
The choice of the polynomialsF (s) and∆(s) for this controller may be made as follows. Since the zero polynomial of the desired input-output transfer function does not contain the LHP plant zero, which is at 
∆ (s) = (s + 10.19 ± 2j) (s + 3.6853) (s + 3).
Therefore, the closed loop characteristic equation, following Eq. (3), is given by
The resulting loop zero polynomial is found to be [following Eqs. (16)- (20) 
Periodic controller synthesis
Now one can define the following polynomials as
Equating the coefficients of s k , k = 0 to 6, forZ(s) given in Eq. (4) 
By solving Eq. (23) one can find out the following term as The periodic controller considered in this work is asymptotic in nature. The behavior envisaged by this control action is firmly valid for controller frequency ω → ∞ . In practice, however, it is customary to employ a sufficiently high ω . The minimum controller frequency (ω min ) that suffices for the averaging effect [12] of this controller is to be determined by trial and error in MATLAB simulation. It is found that the minimum controller frequency, ω min = 30Hz, is required for periodic compensation of the specific system considered here. Hence the controller functions for any value of ω for all ω ≥ ω min = 30 Hz.
Results and discussion

Gain margin for nominal plant
The multiplicative gain (G) (as shown in Figures 3 and 5) in the outer loop of the system is varied to its maximum and minimum values for which the system remains stable within the restricted cart travel and control signal. One can thus find the gain margin of the system as the ratio of the maximum and minimum gains. Considering ∆θ = 0, the gain margin of the LTI controller is 48.5 (= 2.425/0.05), while 120 (= 12/0.1) for the periodic controller.
Delay margin for nominal plant
The delay margin,τ d , is the largest positive value of τ, beyond which the system G p (s) e −sτ d becomes unstable.
Hence the system (with phase margin, PM, and the corresponding gain crossover frequency,ϖ) on the verge of instability follows G (jϖ) e −jϖτ d = −1. By equating angles
the system phase margin (PM) and the corresponding gain crossover frequency (ϖ) are obtained as 47.3
• (0.8254 rad) and 1.09 rad/s, respectively. Therefore, delay margin is obtained as τ d = 07572 s, which signifies that the system becomes stable with any delay τ , for 0 ≤ τ < 0.7572 s. It is found that the time delay(τ d ) incorporated in the outer loop of Figure 5 that attains a maximum value for which the system remains stable is 0.7051 s for the periodic controller with controller frequency 30 Hz. It is verified through simulation that the LTI controller designed above can withstand a delay of 0.22 s, beyond which it loses its stability. Hence the delay margin is 0.22 s.
Gain margin under uncertainty
The response for two extreme gains for periodic and LTI controllers are investigated under uncertainty due to measurement error caused ∆θ = 0.0255rad (1.5 • ). The responses are shown in Figures 9a and 9b , and 9c and 9d, respectively. It is found that the gain margin of the periodic controller is (6.1/0.2) 30.5, which is greater than LTI controller (2.38/0.11) 21.6364, even under the uncertainty considered. The periodic controller can stabilize the system with larger gain and delay margin than those of the LTI controller. Figure 9 shows that the maximum limit of the control signal is ±20 N , whereas the cart travel reaches its maximum of ±0.5 m with the uncertainty caused ∆θ = 0.0255rad. Hence, 0.0255 rad is the maximum value of ∆θ for which the system response is within the restriction considering real-time implementation issues.
It may be noted in this context that the performance of the periodic controller is always better than that of LTI for different values of ∆θ . The gain margin of the periodic controller for ∆θ = 0.0174 rad ( 
Delay margin under uncertainty
It is interesting to note that the delay margin is found to be same as previous values, i.e. 0. 
Dry friction as uncertainty in plant matrix
Dry friction between two rigid bodies in mechanical contact is commonly assumed to be caused by a dry friction force of two components: the dynamic friction force and the static friction force [18] [19] [20] . Both these reaction forces are developing in the direction tangential to the plane of contact and both are opposing the relative motion of the contact surfaces. At zero relative velocity (stiction), it is the static friction force (F f s ) that tends to prevent motion. It is usually defined as
where µ s is static coefficient of friction and
g is the magnitude of the normal force as the cart is moving horizontally with the applied force (F a ). The dynamic friction (F f k ) occurs when the relative velocity of the cart (ẋ) is nonzero
where
, by considering the Coulomb friction force and F v = −bẋ, as viscous friction, acts on the opposite direction of the cart moving at a certain velocity. µ c and b are the coefficient of Coulomb and viscous friction, respectively. In order to smooth the cart transition from stationary to moving, a common way is to add an exponential factor [18] in Eq. (25) as
where α is the ratio between the form factor and the Stribeck velocity obtained as 170, through curve fitting of experimental data. The model for the friction between the cart and the track, following Eq. (26), then becomes 
The values of the friction coefficients are found by using the method mentioned in [18] , as µ c = 0.28 , µ s = 0.04, and b ≈ 0. The derivative states cannot be measured directly in the system. They are found by differentiating the corresponding states. Hence, to reduce the inherent amplification of the measurement noise due to applied derivative measures, a suitable filter of natural frequency 100 rad/s and a damping coefficient of 0.35 have been used in compatibility with the fastest sampling rate of the system hardware. The nonlinear friction is hence obtained as 
By using the system model as Eq. (11) and uncertainty in Eq. (29), the periodic controller has been designed and implemented. The response of the system is shown in Figure 11 . It shows that the periodic controller can stabilize the system under such uncertainty caused by dry friction. 
Conclusion
The present work has done the formulation of an uncertain system with structured uncertainty due to measurement error and dry friction for the nonminimum phase, cart inverted pendulum system, which has not been carried out in [13, 14] . The perturbed system has been compensated with the continuous time high frequency periodic control in order to ensure robust stability. In [13, 14] only the gain margin compensation capability of the periodic controller was shown. This work was not only limited to gain margin, but, in addition, it also clearly defined the phase margin, and, in turn, delay margin achievable by the periodic controller. The performance of the periodic controller has been studied and compared with the LTI control scheme for both gain and phase margin compensation under uncertainty. It is found that periodic controller even under uncertainty achieves larger gain and delay margin, which signifies the fact that this controller can achieve robust compensation under structured uncertainty. The efficacy of the periodic controller with dry friction as uncertainty in the cart pendulum system has also been confirmed.
